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We demonstrate the universality of the gravitational classical deflection angle of massless particles
through O(G3) by studying the high-energy limit of full two-loop four-graviton scattering ampli-
tudes in pure Einstein gravity as well as N ≥ 4 supergravity. As a by-product, our first-principles
calculation provides a direct confirmation of the massless deflection angle in Einstein gravity pro-
posed long ago by Amati, Ciafaloni and Veneziano, and is inconsistent with a recently proposed
alternative.
Introduction: The high-energy behavior of gravitational-
scattering processes has a long and interesting history
as a fundamental probe of gravitational theories at the
classical and quantum level (see e.g. Refs. [1–3]). The
simplicity of scattering in the high-energy limit makes
it a natural forum to extract information about high-
orders in perturbation theory. Indeed, using insight from
string amplitudes and the analyticity of scattering ampli-
tudes, Amati, Ciafaloni and Veneziano (ACV) [3] worked
out the high-energy limit of massless graviton scattering
through O(G3) long before it became technically feasible
to compute two-loop scattering amplitudes in quantum
field theory directly. Using this they calculated the corre-
sponding correction to the gravitational deflection angle
of massless particles in General Relativity.
Recently the subject of scattering processes in gravita-
tional theories has been reinvigorated by the spectacular
observation of gravitational waves by the LIGO/Virgo
Collaboration [4]. While scattering processes may
seem rather different from the bound-state problem of
gravitational-wave generation, the underlying physics is
the same. In particular, classical two-body potentials
can be extracted from scattering processes [5], including
new state-of-the-art calculations [6, 7]. This approach
leverages the huge advances in computing quantum scat-
tering amplitudes that stem from the modern unitarity
method [8] and from double-copy relations [9] between
gauge and gravity theories.
The possibility of using quantum scattering ampli-
tudes to obtain the classical deflection angle was also
promoted by Damour [10], who used the ACV result for
the conservative scattering angle to impose constraints
on classical two-body Hamiltonians of the type used for
gravitational-wave template construction [11]. In a very
recent paper [12], however, Damour has cast doubt on
the program of using quantum scattering amplitudes to
extract information on classical dynamics. His central
claim is that both the classical scattering angle derived
by ACV and the O(G3) two-body Hamiltonian derived
in Ref. [6, 7] are not correct. His claims, based on in-
formation obtained from the self-force (small mass ratio)
expansion [13] of the bound-state dynamics as well as
structural properties in the results of Ref. [7], ultimately
follow from the desire to have smooth transition between
massive and massless classical scattering.
In this Letter we confirm that the conservative scat-
tering angle as determined by ACV [3] is indeed correct.
Our confirmation follows as a by-product of studying uni-
versality of the classical scattering angle in massless the-
ories. Remarkably, we find that the scattering angle is
independent of the matter content for a variety of the-
ories, implying graviton dominance in the high-energy
limit. Ref. [14] revealed hints of such dominance, well-
known at leading order [2], through analysis of gravitino
contributions.
Our study relies on having on hand the explicit ex-
pressions for massless two-loop four-point amplitudes for
N ≥ 4 supergravity [15–17] and pure Einstein grav-
ity [18]. The latter result makes use of the latest advances
in evaluating multiloop amplitudes based on numeri-
cal unitarity followed by analytic reconstructions [19].
Armed with the fully-evaluated amplitudes we then fol-
low the standard [20] and widely used (see e.g. Refs. [21–
25]) extractions of the scattering angle, using both im-
pact parameter space and partial-wave analyses.
For the case of N = 8 supergravity a recent paper [25]
analyzes the eikonal phase through O(G4) using the two-
and three-loop amplitudes from Refs. [17, 26]. The same
work [25] observes that the N = 8 scattering angle
matches the angle found by ACV through O(G3) [3],
despite having different matter content. Indeed, as we
show here, this is not an accident, but part of a general
pattern. Our explicit calculations for the O(G3) contri-
butions to the classical scattering angle in N ≥ 4 and
pure gravity give the identical result as the angle found
by ACV, demonstrating its universality.
2The classical limit of the amplitude: We are interested
in extracting the contributions to the conservative clas-
sical scattering angle from the two-loop four-point scat-
tering amplitudes of Refs. [15–18]. Four-point scatter-
ing amplitudes depend on the kinematic invariants s and
t = −q2, which in the center of mass frame correspond
to the squared total energy and squared four-momentum
transfer, respectively. We consider the amplitude in the
physical region s > 0, t < 0, u = −s − t < 0 (using a
mostly-minus sign convention for the metric), commonly
known as the s-channel. The contributions in the ampli-
tude relevant for the classical angle corresponds to the
large angular momentum limit, which for massless parti-
cles is J ∼ √s b ≫ 1, where b denotes the usual impact
parameter. In the absence of any other kinematic scales
such as masses in the momentum-space scattering ampli-
tude, the classical limit is equivalent to the Regge or high-
energy small-angle limit, s/q2 ≫ 1. It is straightforward
to argue that the singularity structure of massless scat-
tering amplitudes implies that only even loop orders can
give rise to classical contributions (see e.g. Refs. [3, 25]
for a detailed argument). At one loop, in particular, this
is directly tied to the fact that no term behaves as 1/q
which would be required to contribute to the classical
deflection angle.
Following Ref. [3], we consider external graviton states.
For simplicity we focus on the configuration where the
incoming and outgoing gravitons in the s-channel have
identical helicity; the situation where the incoming and
outgoing gravitons have opposite helicity gives the same
final classical scattering angle. We extract the classical
scattering angle from the Regge limit of the renormalized
scattering amplitudes, which take the following form,
M(0)(s, q2) = = K8πGs
[
s
q2
+ 1
]
,
M(1)(s, q2) = = 4KG2s2rΓ
(
µ¯2
q2
)ǫ [
−2πi
ǫ
s
q2
+
1
ǫ
(2L+ 2− 2πi) + F (1)
]
, (1)
M(2)(s, q2) = = 2KG3s3 r
2
Γ
π
(
µ¯2
q2
)2ǫ [
−2π
2
ǫ2
s
q2
− 2πi
ǫ2
(2L+ 2− iπ)− 2πi
ǫ
F (1) + F (2)
]
,
where we dropped subdominant terms of O(q2/s)
in the loop amplitudes, and where K is a lo-
cal factor depending on the external states, µ¯2 ≡
4πe−γEµ2 is a rescaled renormalization scale and rΓ ≡
eǫγEΓ(1 + ǫ)Γ(1− ǫ)2/Γ(1− 2ǫ). For convenience we in-
troduced L = log(s/q2), and the finite remainders F (i),
which depend on the theory and are implicitly defined in
Eq. (1). This result is given in the conventional dimen-
sional regularization scheme, where all internal states and
momenta are analytically continued into D = 4 − 2ǫ di-
mensions. For the purposes of this paper we only need
F (1) to O(ǫ) and F (2) to O(ǫ0). The two-loop infrared
singular part is related to the square of the one-loop am-
plitude via [M(1)]2/2M(0) which follows from the fact
that to all loop orders the infrared singularity is given
by an exponential of the ratio of the one-loop and tree
amplitudes [16, 27].
The pure gravity one-loop amplitudes were originally
computed in Ref. [28]. These were recomputed in an in-
termediate step [29] of the two-loop analysis of Ref. [30].
This is matched by the expressions in Ref. [18] that in-
clude the O(ǫ) contributions. The latter contributions
are needed when extracting the two-loop finite remain-
ders in the presence of infrared singularities, with the
result,
F
(1)
GR = 2L
2 + 2iπL+ 24ζ2 − 87
10
L+
841
90
+ ǫ
[
−2
3
L3 − 6ζ2L+ 6ζ3 + 47
20
L2 − 18ζ2 − 6913
225
L
+
35597
1200
+ iπ
(
−L2 + 2ζ2 + 10L+ 1957
360
)]
, (2)
where F
(1)
GR is the pure gravity result for F
(1) in Eq. (1).
The N ≥ 4 supergravity amplitudes can be found in
Ref. [17, 28, 31] in a scheme that preserves supersymme-
try. For these cases, the Regge limit of the O(ǫ0) con-
tributions to the finite remainders can be read off from
Eq. (4.6) of Ref. [22].
Ref. [18] provides the complete Einstein-gravity am-
plitude needed for our analysis, including subdivergence
subtractions [29, 30, 32]. We note that these results pass
highly nontrivial checks. The amplitude yields the ex-
pected IR pole structure [27] and the net ultraviolet poles
cancel against the known counterterms [30, 33]. Further-
more the amplitude only has the poles in the Mandelstam
variables s, t and u dictated by factorization. The am-
plitudes have also been validated against results in the
literature and independent computations. While not di-
rectly relevant for the classical scattering angle, the re-
sults of Ref. [18] also match the previously computed [29]
identical-helicity amplitude (in an all outgoing momen-
tum convention), corresponding to the case that both
incoming gravitons flip helicity.
Starting from the full four-graviton two-loop ampli-
tude in pure Einstein gravity [18], we extract the finite
remainder in the Regge limit giving the result,
F
(2)
GR =− 2π2L2 + 4π2L−
π4
90
+
13403π2
675
− 13049
2160
+ iπ
[
4
3
L3 − 47
10
L2 +
5893
150
L− 20ζ3
+
2621π2
210
− 106289
3375
]
. (3)
The constant parts are scheme dependent and in any case
3FIG. 1. The scattering configuration showing the impact pa-
rameter, b, eikonal impact parameter, be, and the scattering
angle, χ.
they do not affect the scattering angle. A detailed dis-
cussion of scheme dependence and its effects on the final
angle, in the context of IR regulators in N = 8 super-
gravity is found in Section 6 of Ref. [25].
The two-loop amplitudes for N ≥ 4 supergravity are
given in Ref. [17]. The N = 8 supergravity result is the
simplest of these and was first given in Ref. [16] by com-
bining the integrand of Ref. [15] with the integrals of
Ref. [34]. Explicit results for the finite remainders in the
Regge limit are found in Eqs. (4.13)–(4.16) of Ref. [22].
Note that the remainders in Ref. [22] are normalized with
an extra factor of q2s relative to ours.
So far we have presented the classical scattering am-
plitudes in perturbation theory, which assumes Gs ≪ 1.
Ultimately, we are interested in the limit Gs ≫ 1,
with Gs/J ≪ 1 corresponding to the classical post-
Minkowskian expansion. Implicitly this assumes that
the relevant parts of the perturbative series have been
resummed. Standard ways to do so use eikonal or partial
wave methods which we utilize in the following.
Scattering angle from eikonal phase: Following the usual
procedure [3, 20, 21, 25], we obtain the eikonal phase by
taking the transverse Fourier transform of the amplitude
in the classical limit,
− i
(
ei2δ(s,be) − 1
)
=
∫
µ2ǫd2−2ǫq
(2π)2−2ǫ
ei~q·
~be
M(s, q2)
2sK , (4)
where δ(s, be) is the eikonal phase, which we expand per-
turbatively in Newton’s constant (δ = δ(0)+ δ(1)+ δ(2)+
· · · ), ~q is the (2 − 2ǫ)-dimensional vector in the scatter-
ing plane such that ~q 2 = q2 and be ≡ |~be| is the eikonal
impact parameter shown in Fig. 1. The basic formula
needed for calculating the Fourier transform is given in
Eq. (2.11) of Ref. [24].
The full phase shift is generically complex, and be read-
ily obtained from Eqs. (1), (2) and (3). Its imaginary
part at a given order captures inelastic (e.g., radiation)
effects. Here we are only interested in the conservative
part, as in Ref. [3] so we do not display it in the follow-
ing and focus only on the elastic phase. However, these
imaginary parts are needed to extract the elastic contri-
butions at higher orders because of the exponentiation.
The Fourier transform of polynomial terms corresponds
to short-range contact interactions, which are not rele-
vant for the problem of long-range scattering.
The universal O(G) result for the eikonal phase ex-
tracted from the tree amplitude is
δ(0) =
Gs
2
(
µ¯2b˜2e
)ǫ [
−1
ǫ
− 1
2
ǫζ2 − 1
3
ǫ2ζ3 +O(ǫ3)
]
, (5)
where we introduced b˜e = e
γEbe/2 for convenience.
As explained above, the pieces relevant for the one-
loop scattering angle are given by the real part of the
nonanalytic part,
ReF (1) = −N − 4
2
L2 + cL+ · · · , (6)
where N denotes the amount of supersymmetry and c
is a constant that takes on the values 0,−1,−87/10 for
N > 4, N = 4 and pure gravity respectively. The lead-
ing logarithms (L2) arise from backward-scattering dia-
grams [22] and the subleading logarithm (L) from bubble
integrals. We conclude that they are nonuniversal and
depend on the specific theory. As mentioned above, the
O(G2) one-loop phase can contribute to the angle only
at the quantum level, so this nonuniversality does not
affect the classical scattering angle. These contributions,
including the O(ǫ) parts, are however crucial for extract-
ing the O(G3) classical pieces because of cross terms with
infrared singularities.
The O(G2) phase extracted from the one-loop ampli-
tude is
Re δ(1) =
2G2s
πb2e
(
µ¯2b˜2e
)2ǫ
(7)
×
[
1
ǫ
− (N − 6)
2
log(sb˜2e) +
c+ 2
2
+O(ǫ)
]
,
where c is the same theory-dependent constant appearing
in Eq. (6). Additionally, there is an imaginary part at
O(ǫ), needed to obtain the real part of δ(2), which is not
displayed here but is readily obtained from the Fourier
transform of the full amplitudes in Eqs. (1) and (2) as
well from Refs. [28–30].
The relevant terms at two loops arise from the nonan-
alytic terms in the imaginary part of the remainder at
one loop and from the real part at two loops
ImF (1) = 2πL− ǫπL2 + · · · ,
ReF (2) = −2π2L2 + 4π2L+ · · · . (8)
where the dots indicate non-universal terms which do
not contribute to the phase at O(ǫ0). This includes
non-universal ǫL terms in ImF (1) that could naively
contribute but ultimately cancels against the iteration
−2iδ(0)δ(1) coming from expanding the exponential.
The O(G3) terms in the phase can thus be extracted
from the two-loop amplitude after subtracting the iter-
ation from the leading and subleading phases in the ex-
ponential (4). The leading eikonal exponentiation also
predicts a universal O(ǫ) contribution to the two-loop
amplitude which needs to be taken into account. (See
4the discussion in Ref. [25] near Eq. (3.7)). We obtain the
universal result,
Re δ(2) =
2G3s2
b2e
(
µ¯2b˜2e
)3ǫ
+O(ǫ) , (9)
valid for N ≥ 4 supergravity as well as pure Einstein
gravity. We are not displaying the imaginary parts since
they are not universal and do not contribute to the con-
servative dynamics at this order.
The classical scattering angle is given in terms of the
eikonal phase via the usual stationary-phase argument
(see e.g. [2]),
sin
1
2
χ(s, be) = − 2√
s
∂
∂be
δ(s, be) . (10)
Applying this formula to Eq. (9), which holds for all the-
ories evaluated here, we obtain the universal result
sin
1
2
χ(s, be) =
2G
√
s
be
+
(2G
√
s)3
b3e
, (11)
matching the ACV pure gravity angle given in Eq. (5.28)
in Ref. [3], as well as the recently obtained angle inN = 8
supergravity [25]. The scheme dependence cancels, as ex-
pected. The result above is written in terms of the sym-
metric impact parameter, ~be which appears naturally in
the eikonal formula. This points in the direction of the
momentum transfer ~q, while the more familiar impact
parameter ~b is perpendicular to the incoming momenta,
as shown in Fig. 1. (See also Ref. [23].) The relation be-
tween their magnitudes is b = be cos(χ/2). Rewriting the
universal scattering angle in terms of the usual impact
parameter b gives,
sin
1
2
χ(s, b) =
2G
√
s
b
+
1
2
(2G
√
s)3
b3
. (12)
We note that the quantum corrections to the scattering
angle do not display a corresponding universality, anal-
ogous to previously observed nonuniversal spin depen-
dence in quantum corrections [35].
Scattering angle from partial-wave expansion: Alter-
natively, we can extract the scattering angle from
the partial-wave expansion of the amplitude (see e.g.
Ref. [12]). Here we note that the partial waves are given
by
al(s) =
(16πµ2/s)ǫ
Γ(1− ǫ)
∫ 1
−1
dx (1 − x2)−ǫ C
1−2ǫ
2
l (x)
M(s, x)
16πK ,
(13)
where x = cosχ = 1 + 2t/s and the C
1−2ǫ
2
l (x) are
Geigenbauer polynomials (normalized to take unit value
at x = 1), which reduce to the more familiar Legendre
polynomials when ǫ→ 0.
If we ignore inelastic contributions, the partial waves
can be parametrized in terms of phase shifts as
al(s) = −i
(
ei2δl(s) − 1
)
, (14)
and once again a stationary-phase argument gives the
scattering angle as
1
2
χ(s, l) = −∂δl(s)
∂l
. (15)
Using this approach we find the phase shifts,
δ
(0)
l (s) =
Gs
2
(
µ¯2J˜2
s
)ǫ[
−1
ǫ
− 1
3J2
+O(ǫ, J−4)
]
,
Re δ
(1)
l (s) =
G2s2
2πJ2
(
µ¯2J˜2
s
)2ǫ
×
[
1
ǫ
− (N − 6)
2
log(J˜2) +
c+ 2
2
+O(ǫ, J−2)
]
,
Re δ
(2)
l (s) =
G3s3
3J2
(
µ¯2J˜2
s
)3ǫ
+O(ǫ, J−4) , (16)
where J˜2 = e2γEJ2 and J2 denotes the Casimir of the
rotation group, i.e., J2 :≡ l(l+ 1− 2ǫ), which has a well
defined classical limit. The classical deflection angle is
then
1
2
χ(s, J) =
Gs
J
+
2
3
G3s3
J3
, (17)
written in terms of the classical variables, or, equiva-
lently,
sin
1
2
χ(s, J) =
Gs
J
+
1
2
G3s3
J3
. (18)
Using the relation between the angular momentum and
the impact parameters
J =
√
s
2
b =
√
s
2
be cos
1
2
χ , (19)
we find that Eq. (18) reproduces Eqs. (11) and (12).
We can directly compare our results to Damour’s angle
given in Eq. (5.37) of Ref. [12], following from a conjec-
ture of smooth high-energy behavior between the mass-
less and massive cases,
sin
1
2
χD(s, J) =
Gs
J
− 3
4
G3s3
J3
. (20)
As noted in Ref. [12], this disagrees with the angle ob-
tained by ACV, which is matched by Eq. (18). As empha-
sized by Damour [12], because the sign of the G3 term in
Eq. (20) is opposite to that of Eq. (18) the disagreement
between the two formulas is robust.
Here we focused on the scattering of identical-helicity
gravitons in the initial state. We have repeated the cal-
culation for the case of opposite-helicity gravitons with
the same results for the classical scattering angle. Fur-
thermore, we expect the result to be identical for any
massless external states. Indeed, for the supersymmet-
ric cases that we analyzed, supersymmetry identities [36]
relate graviton scattering to scattering of other massless
states.
5Conclusions: By studying gravitational scattering am-
plitudes through O(G3) in a variety of theories, we
found the classical scattering angle to be independent of
their matter content, thus demonstrating graviton dom-
inance at a higher order than had been previously un-
derstood [2]. In addition, we confirmed that the classical
scattering angle found by ACV [3] is indeed correct. The
results of our calculation are, however, in conflict with
Damour’s recent conjecture [12].
There are a number of interesting directions to pursue.
First and foremost, it would be desirable to systemati-
cally complete a proof of universality through O(G3) for
any massless gravitational theory. An obvious, if non-
trivial, next step would be to check whether some form
of universality remains at higher orders as well. It would
also be important to understand the constraints that the
high-energy behavior of scattering amplitudes imposes on
classical binary black hole interactions [10]. The recent
advances [19, 37] that make it possible to obtain the com-
plete four-graviton two-loop amplitude of pure Einstein
gravity [18] can be expected to lead to further advances,
including for the important case of massive multiloop
amplitudes relevant for the gravitational-wave two-body
problem.
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